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INTRODUCTION 
Oscillating conveyors are used on farms for horizontal or near hori­
zontal movement of grain and other material; and are used quite 
extensively in industry for handling both bulk material and individual 
parts. This type of conveyor is simple to construct and operate, non-
clogging, and self-cleaning. Relative to other types of conveying equip­
ment, little work has been published on results of research on oscillating 
conveyors. To a great extent, the designer of oscillating conveyors has 
relied on his mechanical experience for the original specifications and 
then modified the design so as to obtain the desired results. 
Manufacturers and users of oscillating conveyors consider the follow­
ing as advantages for this type of conveyor (4, 10, 12, 14): 
1. Simplicity of construction 
2. Low maintenance 
3. Ease of adjustment for varying product flow 
4. Few moving parts 
5. Low power requirement 
6. Gentle handling of fragile items 
7. Versatility (perform special operations in addition to moving 
material) 
8. Silent operation with no transmission of annoying vibrations to 
operator 
9. Capability of handling hot, corrosive, and dusty materials 
10. Remote location of operating parts from discharge point 
11. Abrupt discharge into space 
12. Directional changes permitted with small change in elevation 
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13. Ease of cleaning 
They are also aware of certain disadvantages such as requirement for 
specialized skill for selection and service and limitation of maximum 
upward slope. 
Moskowitz (10, pp. 79-80) compares oscillating conveyors to other 
types in the following statement: 
In general, vibratory equipment represents one of the 
most versatile handling means that can be used in automatic 
operations. Vibratory feeders and conveyors are not direct­
ly comparable to any other type of device since no other 
single device provides the same movement of material and 
useful auxiliary effects. When compared to bucket conveyors, 
belt conveyors, and screw conveyors solely on the basis of 
quality of material moved and cost, vibratory units compare 
favorably with all but the simplest type. 
Reports have been made of oscillating conveyors being used for con­
veying various sizes of material from that of fine flour or cement 
passing a 200 mesh screen to that of lump material with a minimum 
dimension of 18-20 inches. In some installations the material has been a 
diverse mixture of coarse and fine materials as exists, for example, in 
coal, clinkers, etc. Other products handled include various grains, 
broken glass, dusty material, red-hot iron pellets, potato chips and even 
pickle slices. 
In many industries, oscillating conveyors are used for orienting and 
conveying small individual parts. In these instances the conveyed dis­
tance usually is not more than 5 or 6 feet, the principal purpose being 
to orient and provide a constant supply of the particular item to the 
assembly station. 
Oscillating conveyors are not new in the agricultural field. The 
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straw rack in use for several years on many threshing machines, is an 
oscillating conveyor. Since the chief function of the straw rack is that 
of separation instead of conveying, the classification as an oscillating 
conveyor often is overlooked. 
Oscillating conveyors also have been used for strictly conveying on 
threshers. The late Mr. Charles A. 0'Cock\ a charter member of A.S.A.E., 
related his acquaintance, when he was a "boy of 10 or 12 (1884 or 1886)", 
with an oscillating conveyor that was used on a threshing machine for 
conveying the tailings from the thresher shoe to the .cylinder. 
Oscillating conveyors should not be limited to currently known 
applications. Their applications will increase as more is learned about 
the nature of their operation. As designers become equipped with better 
methods for predicting the performance of oscillating conveyors, they 
will have confidence in specifying this type conveyor. 
•*0'Cock, Charles A., Racine, Wisconsin. Observations of oscillating 
conveyors. Private communication. 1958. 
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STATEMENT OF PROBLEM 
The objectives of this work have been to 
1. Derive theoretical prediction equations for the movement of 
granular material on an oscillating conveyor. 
2. Develop a test stand and techniques suitable for studying 
the movement of material on an oscillating conveyor. 
3. Perform tests on the test stand for the comparison of exper­
imental results with predicted results. 
The terms "oscillating" and "vibrating" generally imply the same 
type of conveyor and have been used interchangeably in the literature. 
The term "oscillating" has been used in this thesis in preference to 
"vibrating" because the latter term sometimes leaves the impression of un­
wanted vibrations. 
The use of the term "granular" does not exclude other materials and 
for most granular material, the assumptions made later in the theoretical 
development would be reasonable. None the less, some granular materials, 
for example soybeans, of interest to agriculture would appear to deviate 
from certain restrictions imposed on the theoretical development. 
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REVIEW OF LITERATURE 
This review of literature can be categorized into two portions ac­
cording to date of review by the author of this thesis: 1) the portion 
reviewed before June 1958 (4, 7, 8, 12 and 14), and 2) the portion 
reviewed after June 1958 (1, 2, 3, 10, 11 and 13). The theoretical 
equations, which are presented in this thesis, were developed by the 
author previous to June 1958. Since that date, additional work has been 
reported in the literature which is related to the research reported in 
this dissertation. Berry (1 and 2), Bottcher (3), and Olesen (11) have 
reported their theoretical considerations of material translation on an 
oscillating surface. 
Mention has been made of some of the nontechnical articles (4, 10, 
12 and 14). Flint (7) categorized the oscillating conveyors into three 
groups: 1) balanced or tuned vibrator, 2) unbalanced vibrator, and 3) 
the long slow stroke and quick return. He stated that some material can 
go up a 10° grade without great loss of capacity and that conversely a 
10° downgrade will usually double the capacity. 
Kroll (8) found that the changes of air pressure in the space be­
tween the "cast-away loose" material and the surface had influence on the 
material movement for some materials. This work considered fine materials 
of low air permeability such as flour and sand. In his experimental work, 
he used glass beads averaging 0.13 mm in diameter. 
In the first of Berry's (2) articles, he presented his prediction 
formulas and a brief account of the initial work. He theorized the modes 
of motion on oscillating conveyors to number four: 1) no slip, 2) stick 
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slip, 3) pure slip, and 4) partial loss of contact between the material 
and the surface. Figure 1 shows a schematic diagram by which he specified 
his oscillating conveyor. In the analysis, Berry described the motion of 
the conveyor trough to be sinusoidal. This necessitated the approximation 
of infinite connecting rod length and infinite link length. Due to dif­
ferences between theoretical and experimental results, he abandoned 
experiments with a single particle. The second of Berry's (1) articles 
was limited to work in the "stick slip" and "pure slip" modes of motion. 
He feels that this latter experimental work, confined to shallow layers 
of wheat, has given satisfactory confirmation of the theoretical predic-^ 
tion. 
Bottcher (3) reported his findings for conveying material with 
"jumping" motion or loss of contact between the material and the surface. 
He obtained the best agreement between the theoretical and experimental 
results when conveying with small material depths. After comparing the 
distance moved by the material during "jumping" with that moved during 
contact with the surface, he deduced that the latter could be neglected. 
Turnquist (13) reported work on the problem of particle passage 
through an opening on an oscillating screen for separation. This work 
has indicated a need for probability statements concerning particle 
orientation and passage. 
Olesen (11) has chosen to use the term "jog" in favor of "oscil­
lating" or "vibrating". He considers a schematic arrangement similar to 
that used by Berry. For part of his work, he considers the surface with 
Figure 1. Schematic diagram as used by Berry (1, 2) 
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an inclination. His experimental results while conveying grain appear to 
substantiate his theoretical work. He reported that the rate of grain 
movement was directly proportional to the depth of grain layer on the 
conveyor surface. 
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DEVELOPMENT OF THEORETICAL PREDICTION EQUATIONS 
Since material on an oscillating surface can be sliding in one direc­
tion or the other, falling free of the surface, or riding with no 
velocity relative to the surface, no single equation of motion can be 
written for the material which will include all the possible types of mo­
tion. Instead, because different sets of forces are acting on the material 
with each different type of motion encountered, a series of equations is 
needed to define the motion. 
Chronologically, specific assumptions were made which were considered 
valid for certain applications; theoretical prediction equations were 
derived with the aid of free body diagrams, and equations of motion of 
the conveyed material were written for each type of motion. This result­
ed in nonlinear differential equations which could be solved for the 
dependent term. 
Defining the boundary conditions was somewhat more difficult. Each 
type of motion ends when an appropriate criterion is met. For example, 
if the material is sliding on the surface, this motion ends when the 
velocity of the material parallel to the surface equals that of the 
surface or when the acceleration normal to the surface becomes such that 
the material loses contact with the surface. If the material is in free 
fall (loss of contact with the surface), this type of motion ends when 
the displacement of the material normal to the surface is equal to that 
of the surface. The time that each criterion is met is found by equating 
the particular expressions for the two values. In certain cases, a 
transcendental equation results which cannot be solved explicitly for the 
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unknown time. The typical form of the transcendental equations is 
A sin (tut + 7 7 )  + Bcut + C = 0 
This equation can be solved by numerical or graphical methods for the 
proper value of cut which will satisfy this equality, with other parameter 
values specified. When this value of cut is known, the boundary condi­
tions for the succeeding type of motion can be defined. At the ending 
condition time a check is made to determine which critical acceleration 
is exceeded, which in turn indicates the type of motion to follow. 
The steady state solution is obtained by: 1) assuming convenient 
values of velocity and acceleration of the material at time zero, 2) 
checking values of acceleration to determine type of motion, 3) writing 
the equations of motion for this type of motion, 4) advancing time until 
an ending condition is met, 5) checking values of accelerations again, 
6) writing another set of equations of motion for the material and repeat­
ing steps 4, 5, and 6 until the motion of the material is repetitive. A 
steady state cycle can be further analyzed to determine the displacement 
per cycle, and, from this and the frequency of oscillation, the mean 
velocity of the material can be determined. 
Schematic Diagram 
The oscillating conveyor for this analysis is depicted by the 
schematic diagram shown in Figure 2. The motion of the surface perpendic­
ular to the surface is imparted by two eccentrically pivoted circular cams 
of eccentricity V. With these cams rotating at a constant angular 
Figure 2. Schematic diagram of oscillating conveyor as used in this 
analysis 
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velocity of eu(rad/sec), their angular position is given by cut and the 
component of surface position perpendicular to the surface is given by 
the expression v = V sin cut. The sinusoidal motion of the surface 
parallel to the surface is imparted by an eccentrically pivoted circular 
cam of eccentricity S. With this cam also rotating at constant angular 
velocity tu and at a phase angle y with respect to the other cams, the 
component of surface position parallel to the surface can be given by the 
expression s = S sin ( eu t + 7) . 
Sinusoidal motion of the conveyor surface was selected because of 
the frequent use of approximately sinusoidal motion on current oscillating 
conveyors, the ease of describing and handling such motion mathematically, 
and the relative ease of obtaining this motion on a test stand. The 
angle a depicts the angle of inclination of the surface with the 
horizontal. 
A point on the surface follows an elliptical path which can be varied 
in form from a straight line to a circle by changes in the phase 
angle 7 • This is illustrated in Figure 3 for 45° intervals of 7 and 
equal magnitudes of V and 5. Most current oscillating conveyors are 
designed with zero phase angle. 
Parameters Considered and Assumptions Imposed 
In this analysis the parameters considered to have influence on the 
movement of material on an oscillating conveyor are 
1. Amplitude of motion of the surface perpendicular to the surface 
(V). 
gure 3. Path of a surface point for various values of phase angle 
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2. Amplitude of motion of the surface parallel to the surface (S). 
3. Phase angle between the motion parallel to the surface and the 
motion perpendicular to the surface (y). 
4. Angular frequency of oscillation (cu ) • 
5. Angle of inclination of the surface ( <2 ). 
6. Coefficient of static friction between the material and the 
surface (|is) . 
7. Coefficient of kinetic friction between the material and the 
surface (ji^) . 
The assumptions employed in the theoretical development are: 
1. The two components of motion of the surface are sinusoidal. 
2. The conveyor surface is smooth in the sense that no irregular­
ities exist; however, it is not frictionless. 
3. The effects of the conveyor sides on the material movement are 
negligible. 
4. The air resistance on the conveyed material is negligible. 
5. The conveyed material is rigid. 
6. The interaction between the particles is negligible which implies 
that the mass of particles move as a unit. 
7. The mean velocity of the conveycd material is independent of 
depth of layer. 
8. The ratio of the thickness to the breadth of the particles is 
small enough to prevent overturning of the particles. 
9. The coefficient of static friction between the material and the 
surface is a constant. 
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10. The coefficient of kinetic friction between the material and the 
surface is a constant. 
11. The material returns to the surface after free fall with 
inelastic impact. 
These assumptions were used to facilitate developing the theoretical 
equations. The validity of some of the assumptions has been checked and 
will be discussed under the appropriate heading. Others would need 
further experimental investigation for proof of their validity. 
Notation Used in the Analysis 
For ease of discussion and simplicity of presentation, the variables 
considered and the symbols employed are grouped as follows: 
Predicted 
y - Displacement of the material perpendicular to the surface 
(in.) 
x - Displacement of the material parallel to the surface (in.) 
Independent 
V - Amplitude of motion of the surface perpendicular to the 
surface (in.) 
S - Amplitude of motion of the surface parallel to the 
surface (in.) 
7 - Phase angle between the motion perpendicular to the 
surface and the motion parallel to the surface (deg, rad) 
ou - Angular frequency of oscillation of the surface (rad/sec) 
CL - Angle of inclination of the conveyor surface (deg, rad) 
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H - Static coefficient of friction between the material and 
s 
the surface 
|i^  - Kinetic coefficient of friction between the material and 
the surface 
g - Acceleration of gravity (in./sec^) 
t - Time (sec) 
m - Mass (lb sec^/in.) 
Dependent (other than predicted) 
AX - Displacement of material during one cycle of steady state 
operation (in.) 
v - Displacement of the surface perpendicular to the surface 
(in.) , v = V sin cu t. 
s - Displacement of the surface parallel to the surface (in.), 
s = S sin ( oj t +7) 
f - Frequency of oscillation of the surface (cps) , f = cu /2tt 
Ps " tan"1 Us 
9k -
F - Friction force between the material and the surface (lb) 
N - Normal force between the material and the surface (lb) 
Cp Cg - Constants of integration 
, Bg - Constants of integration 
Subscripts* 
crl - Subscript to denote critical lower acceleration 
*Note: The use of pre-subscripts and post-subscripts is explained 
in the paragraph following this list of symbols. 
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cr2 - Subscript to denote critical upper acceleration 
cr - Subscript to denote critical acceleration 
i - Subscript to denote initial value of subscripted parameter 
at time of impact 
f - Subscript to denote final value of subscripted parameter 
at time of impact 
Other symbols 
FF - Free fall type of motion 
SN - Sliding negatively type of motion 
SP - Sliding positively type of motion 
R - Riding type of motion 
A pre-subscript of FF, SN, SP or R on a term has been used to indi­
cate the value of that term at the start of the respectively indicated 
type of motion and a post-subscript of FF, SN, SP, or R on a term has 
been used to indicate the value of that term at the end of the 
respectively indicated type of motion. For example (pp cut) would indicate 
the value of cut at the start of the free fall motion being considered and 
( cutpp) would indicate the value of cut at the end of the free fall motion 
being considered. 
The dot notation has been used to indicate the derivatives with 
respect to time. For exemple s = ds/dt and s = d^s/dt^. 
For uniformity and to define fully the sets of coordinate systems, 
the sign convention show:i in Figure 4 has been used throughout this study. 
The coordinates for s and v are referenced with respect to the equilibri­
um positions respectively of the surface oscillations. The x coordinate 
gure 4. Sign convention as used in analysis 
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is referenced with respect to any arbitrary position, an obvious one 
being x = 0 at t = 0. An easily handled reference used for x is x = 0 at 
the start of the steady state cycle. 
Types of Motion 
When the conveyor surface exceeds the limits of critical accelera­
tions , material on an oscillating conveyor may have up to four different 
types of motion. They are: free fall, sliding negatively, sliding 
positively, and riding. These titles are essentially self explanatory; 
however, for completeness they are described in the following paragraphs. 
Free fall (FF), y > v The free fall type of motion occurs when 
the material is not in contact with the surface. It is falling free 
under the influence only of a constant gravitational force. 
Sliding negatively (SN) , x < s and y = v The sliding negatively 
type of motion occurs when the material is in contact with the surface 
and has a negative velocity relative to the conveyor surface. It is 
under the influence of a constant gravitational force, a varying normal 
force, and a varying friction force. 
Sliding positively (SP) , x> s and y = v The sliding positively 
type of motion occurs when the material is in contact with the surface 
and has a positive velocity relative to the conveyor surface. It is 
under the influence of a constant gravitational force, a varying normal 
force, and a varying friction force. 
Riding (R), x = ,s and y = v The riding type of motion occurs 
when the material is in contact with the surface and has no velocity 
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relative to the surface. It is under the influence of a constant 
gravitational force, a varying normal force, and a varying friction 
force; however, the magnitude of the frictional force does not attain the 
limit of the static friction potential. 
Criteria for Start of Each Type of Motion 
The criteria for the start of each type of motion are dependent on 
the various critical accelerations. For the material to remain in 
contact with the surface and not slide in either the negative or the 
positive relative direction, there are certain critical or limiting ac­
celerations of the material. These critical accelerations are defined 
respectively as follows: 
ycr - Critical lower acceleration of the material perpendicular to 
the surface. The normal force and the friction force become 
zero. 
xcr2 - Critical upper acceleration of the material parallel to the 
surface. The friction force is limiting at + p^N. 
xcr^ - Critical lower acceleration of the material parallel to the 
surface. The friction force is limiting at -nsN. 
An expression for ycr can be developed from the free body diagram in 
Figure 5. The force, mass, and acceleration equation of motion in the v 
direction is 
N - mg cos a = my. (1) 
If y = ycr, the normal force N = 0. Therefore 
Figure 5. Free body diagram of conveyed material 
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ycr = -g cos a . (2) 
An expression for x^^ can be obtained from the same free body 
diagram. In addition to the equation of motion in the v direction 
(Equation 1), the force, mass, and acceleration equation of motion in the 
s direction is 
F - mg sin a = mx. (3) 
Substitution of +nsN for F and xcr2 for x in Equation 3 and v for y in 
Equation 1 and combination of these equations to eliminate N yields 
|ig (mg cos a + mv)-mg sin a = mx^g • (4) 
When m is canceled and the terms are rearranged 
*cr2 = + ^ sg cos a - g sin a . (5) 
Multiplication and division of the last two terms by Jl + ns2 yields 
%cr2 = " S n/1 + M-g2 (- —j== cos a + J—— sin a). (6) 
Since ps = tan ^ |is, this becomes 
*cr2 = ^s^ - S v-Ps v/l+(is2 (- sin Ps cos a + cos p sin a ) (7) 
or 
xcr2 = " l-tsvCU2 sin cut - g / 1+Mg2 sin ( a -p ) (8) 
because 
v = -Vcu2 sin tut 
and sin (a - (3g) = - sin p cos a + cos ps sin <2 .  
In a similar manner with F = -|isN, the expression for the critical 
lower acceleration of the material parallel to the surface becomes 
xcri = HsVti)2 sin (tit - g \/l+Us2 sin ( a + Pg) (9) 
The conditions for the starting of each type of motion are discussed 
with respect to che foregoing expressions for critical accelerations. 
Free fall Free fall type of motion starts when the surface 
acceleration normal to the surface is equal to or less than that component 
of the acceleration possible by gravity (v < ycr); provided the material 
is not in free fall from a previous time (y = v). 
Sliding negatively Sliding negatively type of motion starts: 
1) when the surface acceleration parallel to the surface is equal to or 
greater than the critical upper acceleration in that direction (s>xcr2) 
provided the material is in contact with the surface (y = v) and provided 
the material is not sliding in the positive direction (x £ s), or 2) when 
the final parallel velocity after impact following free fall is less than 
the parallel velocity of the surface (xg < s) provided the material is in 
contact with the surface (y = v). 
Sliding positively Sliding positively type of motion starts: 
1) when the surface acceleration parallel to the surface is equal to or 
less than the critical lower acceleration in that direction (s < xcr 
provided the material is in contact with the surface (y = v) and 
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provided the material is not sliding in the negative direction (x ^  s) 
or 2) when the final parallel velocity after impact following free fall 
is greater than the parallel velocity of the surface (Xf > s) , provided 
the material is in contact with the surface (y = v). 
Riding Riding type of motion starts when the parallel velocity 
of the material equals that of the surface (x = s) provided the material 
is in contact with the surface (y = v) and provided the parallel surface 
acceleration is between the two limiting critical accelerations 
(%crl < : < *cr2)' 
Criteria for Ending of Each Type of Motion 
The ending criteria can be somewhat more simply stated than the 
starting criteria. 
Free fall Free fall type of motion ends when the material 
returns to the surface (y = v). 
Sliding negatively Sliding negatively type of motion ends: 1) 
when the parallel velocity of the material equals the velocity of the 
surface (x = s) or 2) when the material loses contact with the surface 
(v = y»)-
Sliding positively Sliding positively type of motion ends : 1) 
when the parallel velocity of the material equals the velocity of the 
surface (x = s) or 2) when the material loses contact with the surface 
(v = ye?)' 
Riding Riding type of motion ends: 1) when the material starts 
to slide positively with respect to the surface (s = x^^) or 2) when the 
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material starts to slide negatively with respect to the surface 
(s = xcr2) or 3) when the material loses contact with the surface 
(v = ycr). 
Perhaps it seems a bit redundant to give both the ending criteria 
and the starting criteria because if one type of motion ends, another 
type starts and in reality the ending criterion for the first becomes 
the starting criterion for the second. However, if both sets of criteria 
are given, less work is involved in certain combinations to check for the 
starting criteria of a different type of motion than to be checking for 
the ending criteria of the current type under study and at other times 
the reverse is preferred. 
Equations of Motion for Each Type of Motion 
The equations of motion of the material were developed using a free 
body diagram of the idealized material particle as shown in Figure 5. On 
this free body diagram the expressions for the forces are included for 
each type of motion. 
Development of the equations of motion of the material for the four 
types of motion follows. After the equations of motion are developed, 
the function of each in the over-all solution is discussed. 
Free fall In free fall type of motion the normal and the fric­
tion forces are zero; therefore, the only remaining force is the force mg 
due to gravity. The force, mass, and acceleration equations of motion in 
both the s and v direction yield 
my = -mg cos a (10) 
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and 
mx = -mg sin a (11) 
in which m can be canceled resulting with 
y = -g cos a (12) 
and 
x = -g sin a . (13) 
The first and second integration of Equation 12 gives respectively 
y =-£j- g (cos a ) cut + Bl (14) 
and 
1 2 1 
y = - 2ÏJZ s (c°s a ) ( co t) + — bl cut + b2. (15) 
For ease of handling the independent variable cut is preferred over t; 
therefore, the terms involving t are multiplied and divided by qj which 
makes the independent variable CU t. The constants of integration B^ and 
Bg are determined from knowing that when 
OJ t = FF cut, (16a) 
y = FFy = FpV = V(U cos (FFCUt) and (16b) 
y - ppy = ppv - V sin (ppCUt). ( 16c) 
The use of pre-subscripts and post-subscripts is as described in the sec­
tion on notation used in the analysis. After substituting the boundary 
conditions of Equations 16a, 16b, and 16c into Equations 14 and 15, 
expressions for the constants of integration are found to be 
32 
B1 = VOJ cos (Fp cut) + -jj- g (cos a ) (FFcut) (17) 
and 
B? = V sin (OT (t) t) +n-~; g (cos a) (^OJ t)2 - i Bj_ (^Wt). (18) 
FF 2cu2 FF 
Substitution of these last two equations into Equations 14 and 15 gives 
the complete expression for y and y when the material is in free fall 
which started at an oj t value of (FF cut). Thus, 
1 y = - - g(cos a) Ui t + Vw cos (FFa> t) + 57, g(cos a) (^ cut) kFF (19) 
and 
y = " 1 2 1 g(cos a) ( cut) + £ 2oj2 V(JU cos (Fp<jUt)-}yg(cos a ) (FFcut) cu t + 
V sin (Ff^ut)+^ ._i_ g(cos a)(FFCUt)2- 1 Vcu cos(FFcut) + 
I g(cos a )(FPot) (FF***") (20) 
These equations are used, in essentially the form shown, for the IBM 650 
"FOR TRANSIT" program. Equations 19 and 20 are the expressions for the 
material velocity (y) and displacement (y) respectively. 
The first and second integration of Equation 13 gives respectively 
= " où 8(sin a ) ( cut) + Cx (21)  
and 
x = ~ ~2 8(sin a) ( cut)2 + cut + c2 (22) 
with the boundary conditions that when 
CUt - pp cut 3 
x = Fpx and 
(23a) 
(23b) 
x 
~ FFX (23c) 
the expressions for and C2 become 
cl = FF* + ÔÎ g(sina) (FFCUt) (24) 
and 
Co = g(sina) (pF CUt)2 - ^  C-, (FVCUt) 
'2 - FF T2CU2 CU U1 VFF (25) 
The values of FFx and FFx must be determined from the ending conditions 
of the previously occurring type of motion. Substitutions of these 
constants into Equations 21 and 22 give the complete expressions for x 
and x as 
and 
x = - 75 g(sin CX) cut + FF* + c5 g(sina)(pFWt) (26) 
X = 
'ïw1 g(sina)(wt)2 + ^  ff* + 5 g(sina)(ppWt) (tit + 
FFX + 2"^2 g(sin a) (FF^t) 2 - 5 FF x + 
^ g(sina)(PFcut) (pp wt) (27) 
It has been assumed that the material returns to the surface with 
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inelastic impact after free fall. Therefore, Xf will be equal to s if 
the friction force is great enough. It can be shown that for Xf = s the 
following relation must hold: 
Hs £ 
S - X; 
(v - y^) 
(28) 
If this condition is not met, the material will slide upon returning to 
the surface with a velocity of 
x = 
= xi + he (v " ?i) (29) 
if x < s and a velocity of 
x = Xf - (ik (v - yt) (30) 
if x > s. These equations for conditions after impact are developed in 
Appendix A. 
Sliding negatively In either sliding negatively, sliding posi­
tively, or riding type of motion, the normal force N is greater than zero. 
The expression for N can be obtained from the free body diagram of Figure 
5 as 
N = m(g cos a- VcU 2 sin CJ t) (31) 
by writing a force, mass, and acceleration equation of motion for the 
material in the v direction and realizing that with y = v, y = v = 
2 
-VO) sin cut. 
While the material is sliding negatively the friction force has a 
value of 4-p^N. A force, mass, and acceleration equation of motion in the 
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s direction yields 
HkN - mg sin a = mx, (32) 
from which 
x = - (i, Vcu sin cut - g(sin a - cos a ) (33) 
is obtained by substitution of the equivalent for N from Equation 31, 
cancellation of m and rearrangement of the terms. If the last term of 
this equation is multiplied and divided by \ + ^ k^, the expression 
becomes 
x = - HkVcu 2 sin cut - g l/l + nk2 (sin a - pk) (34) 
The first and second integration of this equation gives, respectively, 
x = p^Mucos OU t - — g / l  + ^k2 sin (a - pk) cut + cx  
and 
(35) 
x = nvV sin cut -
1 
2a? 
g sin ( a -Pk) cut 
-  c l  a j t  + c2. (36) 
The constants of integration and C2 are determined by knowing that 
when 
(37a) 
(37b) 
x = SNX- (37c) 
(dt 
~ SN <tJt' 
x = snx and 
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The expressions for and Cg become 
C1 = SN* " cos(SNtut)+ 5 g /1+|ik2 Sin (Q "Pk> SN cut (38) 
and 
C2 - SNX ™ ^kV sin ^SNtiJt) + ^ 2 g /wk2 sin(a -pk) SN cut 
" tD G1 (SN^^)' (39) 
The values of g^x and g^x must be determined from the ending conditions 
of the previously occurring type of motion. Substitutions of these 
constants into Equations 35 and 36 give the complete expressions for x 
and x as 
x = |ikv CU cos cut - -j g /i+Hk2 sin (a -Pk) cut + 
SN x - M-kVCU cos (SN Wt)+ - g /l+Uk
2 sin(a -pk) SN cut (40) 
and 
x = n,V sin cut - —~ 
k 2oT 
g /l+Mk2 sin ( a -pk) CU t + 
1 
tu SN x - ^kVtu cos (SNtut)+ jjj g /l-mk s in (a -pk) StM > cut + 
vSNx ' hcV sin(SNtut)+ g / 1+Uk2 sin(a -pk) 
-CU SN x - nkVw cos(g^ut)+ - g ,/Wk s in (a -Pk) SN"* ' sisPV - (41) 
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Sliding positively While the material is sliding positively the 
friction force has a value of A force, mass, and acceleration 
equation of motion in the s direction yields 
- - mg sin a = mx. (42) 
Combination of this with the expression for N in Equation 31 yields 
2 . 
= HkVcu sin ClI t - g(sin a + cos a ) .  (43) 
This becomes 
x = HkVtu 2 sin cut - g /l+Hk sin(a+pk), (44) 
with the use of phase angle (3^. The first and second integration of this 
last equation gives, respectively, 
x = - H^VGU cos cut - — g xA+iV sin (a+a) eu t + c. (45) 
and 
x = - n, V sin cut -
lc 2W2 
g /l+P-k sin(a+pk) CU t 2 + ^CjWt+Cg. (46) 
The constants of integration C^ and Cg are determined by knowing that 
when 
tut = gp cut, (47a) 
x = SpX and (47b) 
X - gpX (47c) 
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The expressions for C-^ and Cg become 
C1 - SPX + HCVTIJ COS + (D g/l+li
2 sin (a +pk) SP cut (48) 
and 
C2 = SPX + ^ kV sin(g^ut)4- g JlM\ sin(a+pk) 5^ 
i CL (gpCUt). (49) 
The values of gpx and gpX must be determined from the ending conditions 
of the previously occurring type of motion. Substitutions of these 
constants into Equations 45 and 46 give the complete expressions for x 
and x as 
x = - H^VCU cos OJt - — g/14+lk sin( a +Pk) cut + 
gpX + Hkvw cos(SptUt)+ - g/1+^k sin(0+pk) SP** . (50) 
x = - H V sin cut - —~ 
2CU 
g /l-Hik sin( Ct +pk) cut 
-c gpX + HkV<ucos(gpWt)+ Q g A+Hk sin(a+3k) i (U t + 
spx + ^ kv sin(gpWt)+ •— |g /l+Mk Sin(a +Pk) Sï*ut 
a < spx + nkV(u cos(SIjtut)+ Q g/l+#k s in (a +pk) SIfot S{ftJt\ . (51) 
Riding While the material is riding the equations are somewhat 
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simpler since the accelerations of the material are those of the conveyor 
surface. Therefore 
x = s = -Sou'* sin (ou t + 7 )  (52) 
The first and second integration of this equation gives, respectively, 
x = Sou cos (out + 7 )  + (53) 
and 
x = S sin ( eu t + 7 )  + gj Cj_ cut + Cg (54) 
The boundary conditions are that when 
cut = R (tl t, (55a) 
x  = r X  = s  = S cu cos (Rout + 7 )  and (55b) 
x = Rx. (55c) 
Therefore, the constants of integration have the following expressions 
CL = 0 (56) 
and 
C2 = Rx - S sin (Rcut + 7 ) .  (57) 
The I'alue of Rx must be determined from the ending conditions of the 
previously occurring type of motion. The complete expressions for x and 
x become 
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x = S eu cos ( tu t + 7) = (58) 
and 
x = S sin (tu t + y)  + R X  -  S  s i n  (RtU t + y) • (59) 
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PROCEDURES FOR SOLVING EQUATIONS 
In the preceding portion, the starting criteria, the equations of 
motion and the ending criteria were developed for the four types of mo­
tion. No specific mention has been made to a method for combining these 
equations to predict the movement of material encountering a situation of 
two or more of the types of motion. Except in cases where the surface 
incline is such that only continual sliding in one relative direction 
occurs, this situation is most likely to occur. The procedure for 
predicting the movement of material which undergoes successively altering 
types of motion requires a combination of the previously presented equa­
tions. As mentioned before, the solution of the equations for the ending 
conditions sometimes involves a transcendental equation which requires 
assignment of specific values to the parameters and solving by graphical 
or numerical means. 
The flow diagram of Figure 6 can be used to an advantage in the 
solution of the prediction equations. 
After assignment of the parameter values, the conditions can be 
initialized at cut = 0. Any reasonable values for: X q ,  X q ,  X q ,  y g ,  y g ,  
and yQ are satisfactory. The analysis can be started at any time in a 
cycle, with any assumed starting motion of the material and the material 
will come to steady state cycling some time later depending upon the 
particular values of the parameters and assumed starting conditions. 
Repetition of the values of x within limits has been used as a criterion 
of checking for steady state. It appears that little is to be gained 
Figure 6. Flow diagram 
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from a meticulous selection of any particular initial values to reduce 
the solution time. A convenient set of initial values is obtained by 
conceiving that the material is rigidly fixed to the surface by some 
imaginary force previous to cut = 0, and then at cut = 0 release this 
force instantaneously. This fixes the initial conditions as follows 
x^ = sQ = - Scu2 sin ( cutQ + y) (60) 
xQ = sQ = S cu cos (cutQ + y) (61) 
xQ = sQ = S sin (cutQ + y) (62) 
yQ = Vq = -VCU 2 sin (Utg = 0 (63) 
yy = Vq  = V cu cos cu tg = Vcu (64) 
yy = Vq = V sin cu ty = 0. (65) 
Knowledge of the value of x has little use in the solution until the 
steady state cycle has been attained; therefore, it is both convenient 
and advantageous to reference the value of x at x = 0 when cut equals 
the value of cut of the start of the steady state cycle. The four types 
of motion are identified on the Flow Diagram by Loops 1 through 4. The 
crosshatching for the different loops is intended to be indicative of the 
type of motion for each loop. For example, Loop 1 for free fall has 
vertical crosshatching and Loop 3 for sliding positively has crosshatch­
ing with a positive slope. The same indicative crosshatching also has 
been used in the graphical-numerical solutions discussed in the next 
section. 
After the initial conditions are set, the solution progresses to 
Test FF to determine if the material starts into free fall motion. Only 
in the remote case of a = 90° can free fall motion start at odt = 0. 
With a (+) on Test FF, the solution passes to Test SN where if a (-) 
occurs, the solution passes to Test SP. If at Test SP, the result is 
(+), the solution then goes to Loop 4 or is in the riding type of motion. 
Here the necessary values are computed and cut is increased and again a 
check is made on Test FF. Then the solution is channeled through the 
tests according to the calculated values at the new value of out. 
For example, if the problem is proceeding through Loop 4 and at some 
value of cut, Test SP gives a (-), this puts the solution in Loop 3 or 
the SP type of motion. By interpolation, the value of g^ut can be 
determined, g^wt would also be cut^ and in turn x% = gpx. g^lit and gpx 
are needed in Equation 50 to specify the values of x while in Loop 3. 
The value of x is needed for comparing with s for one of the ending 
criteria of the sliding positively type of motion. If Test SP had been 
(0), there would have been no need for the interpolation as indicated by 
the path bypassing the interpolation box. The solution will stay in Loop 
3 until x < s or until Test FF directs it to Loop 1. 
The remaining paths of the Flow Diagram are followed in a similar 
manner. This Flow Diagram is used also for the graphical-numerical 
solutions and, in an expanded form, for the digital computer program. 
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Graphical-Numerical 
Figure 7 shows the graphical solution of a problem that made use of 
Loops 3 and 4. The parameter values used in this solution are 
V = 0.352 in. 
S = 0.211 in. 
co = 27.5 rad/sec 
a = o° 
7 = 0 °  
Hs  = 0.268 
= 0.266 
As preliminary the graphs of s, s, s, xcr^> and xcr2 are determined. 
Calculation at the start indicated that free fall type of motion would 
• • 9 L " 
not occur or in algebraic terms v = -Vcu sin cut ycr = -g cos a . 
Therefore, that portion of the Flow Diagram relating to free fall could 
be bypassed because Test FF would always be (+). The circled numbers 
refer to criteria events of the solution. At event 1, start of the 
solution, none of the critical accelerations were exceeded; therefore, 
the solution started in Loop 4 with x = s until event 2 where 
s - xcr ^  < 0. Therefore, cutg = wt% = g peut and the solution is in Loop 
3 until event 3 when x becomes equal to s again. Then tutg = cutsp. 
Following the Flow Diagram out of Loop 3, Test SN and Test SP place the 
solution in Loop 4 again until event 4 which corresponds to event 2. 
This solution reaches steady state in the first cycle. When it is known 
that the material is in the steady state, a plot of material displacement 
(x) is made for one complete cycle. Further cycles would be repetitive 
Figure 7. Sample graphical solution 
ACCELERATION, IK/MC* VELOCITY, la/sec DISPLACEMENT, In. 
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with the material displacement increasing an amount of AX for each cycle. 
Some problems require two or more cycles for the value of material 
velocity (x) to become cyclic. Figure 8 shows a solution which required 
5 cycles for the value of x to be repetitive within 0.01 in./sec. The 
parameter values used in this solution are 
V = 0.185 in. 
S = 0.211 in. 
cu = 33.9 rad/sec 
a = o° 
7 = 0 °  
Mg = 0.221 
= 0.190 
Digital Computer, IBM 650 
A "FOR TRANSIT" program has been written for solution of the 
theoretical equations on the ISU-IBM 650 computer, of which a sample page 
is shown in Appendix B. This program follows an expansion of the Flow 
Diagram. Due to limitations of the computer memory capacity, only Loops 
2, 3, and 4 could be given a final translation into machine language. 
This prevented the solution of problems that had free fall for a portion 
of the motion. In addition, some of the devices programed as "debugging" 
aids were removed from Loops 2, 3, and 4. These three loops of the 
program were translated and "debugged." The run time was less than 3 
minutes per cycle, i.e., a solution requiring four cycles was solved in 
11 minutes. 
Figure 8. Sample graphical solution 
XQ = 7.158 in./sec 
x2 IT = 4.022 
*4-17- = 3.716 
x&7T = 3.656 
xg7f - : 3.645 
x10tt = 3. 646 
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TEST STAND 
For the experimental runs, a test stand was constructed with a 
mechanism similar to that depicted in the previously referred to Schemat­
ic Diagram of Figure 2. To check the validity of the theoretical 
prediction equations, it was deemed advisable to make experimental runs 
on the test stand with a single solid body test specimen as well as with 
grain. The single solid body test specimen was selected because this 
seemed to give reasonable allowance for the majority of the assumptions 
imposed on the theoretical equations. 
Design and Construction 
The test stand permits variation of the two amplitudes of motion, 
the angle of inclination, the phase angle, and the frequency. The values 
for coefficients of friction can be altered by using different combina­
tions of material and surface. Figure 9 shows the test stand in use for 
grain tests. 
A view of the cams and drive mechanism is shown in Figure 10. The 
drive proceeds from the motor (Figure 10, A) to the variable speed V-belt 
drive (Figure 10, B) to the shaft (Figure 10, C) which drives the double 
cam (Figure 10, D). A single cam (Figure 10, E) is geared to this double 
cam (Figure 10, E) by means of two sets of bevel gears (Figure 10, F and 
G). The shaft (Figure 10, C) also drives the set of spur gears (Figure 
10, H) which drives the input shaft (Figure 10, I) of the planetary gears 
(Figure 10, J). The output of the planetary gears is from the sun gear 
Figure 9. Test stand in use with grain tests 

Figure 10. View of cams and drive mechanism 

Figure Lia. Overall 
t 
Figure lib. End view with pillow 
block bearing removed 
Figure 11. Close-up of double cam 
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done by measuring the distance from the peg to the opposite side of the 
shaft. The other "v" cam and the "s" cam have similar construction 
except they have only one ball bearing. 
The surface, sides, and surface support are shown in Figure 12. The 
surface support (Figure 12, U) is made of two 6-inch, 4.30 lb per foot 
aluminum I-beam 8 feet long, separated by threaded cross bolts a distance 
of 8 inches between outer edges. The cam followers and back-up pieces 
are affixed to the surface support with bolts. The surface (Figure 12, V) 
is a 1/8-inch thick aluminum sheet 8 feet in length. The sides (Figure 
12, W) are of 2-inch by 1^-inch by 3/16-inch aluminum angle fixed to the 
surface and surface support by 1/4-inch bolts. The distance between the 
inner faces of the aluminum angle sides is 6 inches. 
The major portion of the framework supporting the cam drive mechan­
ism is made of 3-inch, 5.0 lb per foot channel section and 2-inch by 
2-inch by 1/4-inch angle section. This framework of welded construction 
is secured to the concrete floor with six lead anchors of 1/2-inch bolt 
size. The pillow block bearings, equipped with bronze inserts, for the 
cam shafts are bolted to the framework. 
The overhang on each end of the surface support beyond the cams, 
imparting motion in the "v" direction, is 0.224 of the total length. 
This ratio was determined by equaling the maximum static deflection at an 
end to the maximum static deflection at the midpoint of this system under 
a uniform loading. Assumptions were made that the spring forces are 
directly in line with the cams and that the influence of the force from 
the "s" cam could be neglected. With these assumptions, the beam was 
Figure 12. Surface, sides, surface support, and grain hopper 

63 
considered to be one with both ends overhanging, symmetrically supported, 
and uniformly loaded. The expected maximum deflection with these 
assumptions has been calculated to be 0.00011 inch for a maximum 
acceleration of 1 g (Veu^ = g). A maximum loading would occur only at 
the time that v = -V eu ^  sin w t is at the maximum or at cut = 3ir/2, 
7ir/2, or I I tt/2 - - - etc. At other times in the cycle the loading on the 
surface support is somewhat less. Depending upon the value of the phase 
angle (7), the force from the "s" cam could either increase or decrease 
the referenced to resulting maximum deflection. 
Calculations were made to determine the natural frequency of the 
surface support. If the system were to be operated at one of the 
natural frequencies, the secondary vibrations of the surface support 
might become excessive. The first natural frequency was calculated to be 
194 cps, by treating the surface support as a free-free beam and using 
the method presented by Church (5, pp 201-205) and Den Hartog (6, pp 
179-187). At this frequency, the nodes would form at 0.224 times the length 
of the beam from the ends. These points correspond to the location of the 
"v" cams on the test stand. Tests reported in this dissertation have been 
at frequencies below 10 cps; therefore, it is felt that excessive deflec­
tions were not encountered because of secondary vibrations of the surface. 
Adjustment and Determination of Parameter Values 
The adjustment and determination of some of the parameter values has 
been discussed briefly in the description of the test stand. For 
completeness, the method used to adjust and to determine the value of 
each parameter will be discussed in the following paragraphs even though 
for some parameters this is obvious from a study of the test stand. Due 
to the difficulty in making precise adjustment to a particular value for 
some of the parameters, it was easier to adjust to near the desired 
value and then measure the obtained value. 
Amplitude of oscillation (S and V) The method of adjusting the 
cam eccentricity has been discussed in the previous section. As men­
tioned, the 1/8-inch steel pegs in the hub of the cams are used for 
determining the amplitude by measuring with a micrometer the distance 
from the peg to the opposite side of the shaft. By having a measurement 
of this distance with zero amplitude as a reference, the change in dis­
tance represents the amplitude. Adjustment can be made with the adjusting 
bolts so as to insure that both ends of the hub are the same and that 
both of the "v" cams are adjusted the same. 
Another means of making a measurement of the amplitudes is with the 
aid of a dial gage placed with the stem alternately perpendicular and 
parallel to the surface to obtain respectively the value of both V and S. 
While slowly rotating the cam shafts, the difference in the maximum and 
minimum readings is taken as twice the amplitude in the respective 
direction. 
It is realized that these two methods for measuring amplitudes have 
limitations. The first is only an indicator and the second is a static 
measurement. It was thought advisable to make dynamic measurements of 
the amplitude with the aid of electronic equipment. This was attempted 
with improvised transducers for the signal pickup, a Brush amplifier, 
and a Brush oscillograph. The transducers were in the form of a canti­
lever beam on which four SR-4 variable resistance wire strain gages were 
mounted and connected as arms of a Wheats tone bridge circuit. The fixed 
end of the cantilever beam was mounted on the web of the I-beam surface 
support. The cantilever beam was normal to the web and oriented in a 
direction so as to measure the desired component of motion. Because of 
the necessity for the two components of motion to occur simultaneously, 
the free end of the cantilever beams were equipped with a small ball 
bearing roller to roll on a surface normal to the component of motion 
being measured. This permitted measurement without influence from the 
other component. Due to the inability of the available amplifier and 
recorder to retain peak to peak response at frequencies above 1-2 cps, 
this method was abandoned. Less adverse influence occurred with the 
direct inking pens than with the electric stylus; however, there were 
undoubtedly other factors in the instruments which were causing this 
trouble. Similar equipment has been used for recording oscillatory 
signals with frequencies as high as 100-120 cps. Even with this trouble, 
this equipment was helpful by giving a qualitative indication of the 
type of motion occurring as shown in the trace on Figure 13. 
Also included in Figure 13 is a trace of a generated harmonic wave 
of approximately the same frequency, amplitude, and location on the chart. 
A comparison of these two traces indicates that the trace from the test 
stand has sharper peaks on the positive (+) side and flatter peaks on the 
negative (-) side of the equilibrium position than those of the generated 
trace. This change in quality of the peak can be explained from the fact 
Figure 13a. Motion of Figure 13b. Generated 
surface harmonie wave 
Figure 13. Sample traces on oscillograph chart 
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that the drive shaft torque might have reversed on half cycle intervals 
at ir/2 and 3tt/2 - - - etc. On the up portion, the shaft is rotating the 
cam to lift the surface against the force of the hold-down springs. On 
the down portion the weight of the surface and the hold-down springs 
tend to force the cam ahead and cause the shaft to act as a brake. At 
the bottom, the reverse effect takes place; therefore, a flatter peak. 
No check has been made to determine if this explanation is valid; there­
fore, there might be other reasons for this variation from the assumed 
motion. Construction of the test stand with flywheels, more precision 
gearing, stiffer shafts and heavier bearings could help to reduce this 
variation. 
Frequency of oscillation (f,W) The test stand frequency can be 
altered by adjustment of the variable speed belt drive. The frequency 
has been determined by three different methods. The first method used 
was that of obtaining the frequency from the oscillograph chart. When 
the number of oscillations over a length of chart and the chart speed is 
known, the frequency of oscillation is easily determined. Because of the 
previously mentioned trouble with the equipment, this method was not 
continued. The second method was with the use of a tachometer or a 
strobotach. The third method was in conjunction with the high-speed 
photography work whereby a microswitch was used to complete a circuit, 
once each cycle, that contained a small light bulb called the "C" (for 
cycle) bulb. This bulb was filmed simultaneous with the test stand. 
From knowing the film frame speed and counting the frames between the 
"C" light, one could determine the frequency of oscillation. 
In the methods mentioned here there was no attempt made to determine 
the constancy of the angular velocity. Turnquist (13) felt that the lack 
of uniform angular velocity accounted for some of the errors he 
encountered. 
Angle of inclination (Q) The angle of inclination of the 
surface can be adjusted by loosening the clamping bolts and tilting the 
surface with the crank. This angle was quite simple to determine. A 
simple protractor was fixed to the tilting portion of the framework with 
its center at the pivot point. A pointer was affixed to the stationary 
portion of the framework. This protractor, labeled tt , can be seen in 
Figure 10. Slotted holes were provided so that it could be zeroed at 
zero inclination. 
Phase angle (7) As discussed previously, the phase angle can be 
adjusted by loosening the clamp on the ring gear of the planetary gears 
and rotating this gear with the help of the handle. The pointer on the 
handle indicates the value of phase angle on the protractor. This 
protractor is labeled y in Figure 10. The ratio of the size of the ring 
gear to the size of the sun gear was 3 to 7; therefore, 154.3 actual 
degrees of rotation of the ring gear effects 360 degrees of phase angle. 
The 154.3 degrees on the protractor were divided into 360 subdivisions, 
each representing one degree change in phase angle. 
Coefficient of static friction (|is) The coefficient of static 
friction can be altered by changing the surface. To obtain the value of 
this coefficient, between the single plast-'c puck and the surface, the 
puck was placed on the surface and the surface inclination was increased 
until sliding commenced. The tangent of this angle of inclination was 
taken as the coefficient of friction. The vilue of 0.268, an average of 
nine separate measurements (Appendix C), was considered to be the co­
efficient of static friction between the plastic puck and the surface. 
The value of the coefficient of static friction for corn on the 
surface was determined in much the same nvnner as for the single puck. 
Approximately one cup of the corn was placed on the surface, and then the 
surface inclination was increased until approximately 90 percent of the 
corn had commenced sliding. The results of six measurements had an 
average of 0.221 for the coefficient of static friction. 
Coefficient of kinetic friction (fj.^) Alteration of the coefficient 
of kinetic friction can be accomplished by changing the surface. The 
value of the coefficient of kinetic friction between the single puck and 
the surface was obtained from determination of the force of friction 
between the puck and the surface when moving with a constant relative 
velocity. The puck was restrained by a force-sensing beam while the 
surface was moved. This force-sensing beam, shown in Figure 14, was 
equipped with four SR-4 variable resistance strain gages which were con­
nected as the arms of a Wheatstone bridge. The signal was amplified and 
recorded on a Brush oscillograph. Typical traces of the signal recorded 
on the oscillograph chart is shown in Figure 15. The event markers 
indicate the limits of the surface considered in the friction tests and 
used in the test stand runs with the puck. The average friction force 
was determined with the aid of a planimeter. 
The friction test equipment was such that the relative velocity, 
gure 14. Kinetic friction force measurement 
7 2  
Figure 15. Typical traces, on oscillograph chart, of friction force 
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the normal force, and the direction of pull could be changed. Friction 
tests were made on three consecutive days. Each day's runs consisted of 
six series of tests; each series consisting of from nine to fourteen 
tests, at different normal forces ranging from 75 to 529 grams but of the 
same velocity and direction. The normal force was varied by the addition 
or removal of weights on the puck. The six series, for each day's tests, 
differed in direction of pull and relative velocity. Each direction of 
pull was run at three different levels of velocity; low (3.79-5.07 in./ 
sec) , medium (7.70-8.37 in,, /sec) , and high (11.6-14.1 in. /sec) . The 
range of velocities at the various levels was necessary because of the 
difficulty in selecting a specific velocity on the equipment. Instead, 
the range was selected and the specific velocity was determined from each 
run. However, the setting was unchanged during a series and the velocity 
remained constant. For each of the 18 series, the coefficient of 
kinetic friction was determined as the slope of the relation of friction 
force to normal force. This slope was determined by the method of least 
squares with the assumption of a straight line relationship passing 
through the origin. The results ranged from 0.254 to 0.279 with an 
average of 0.266. This average value was considered to be the value for 
in the single puck tests. Appendix D shows the data and a graphical 
plot for a sample series and the results from each of the 13 series. 
The friction tests for the puck were made subsequent to cleaning of 
the surface since measurements of friction forces were found to be 
erratic prior to the adoption of the following described procedure. 
Before each series of friction tests and before conveying tests on the 
test stand, the surface was first cleaned with a clean cloth saturated 
with acetone after which a 5-inch by 8-inch by 1/2-inch thick piece of 
plastic was weighted and pulled over the surface several times until an 
accumulation of loose, dark oxide was noticeable. Then this oxide was 
removed from the surface and the plastic with acetone. These steps were 
repeated until a minimal amount of oxide appeared each succeeding time. 
Before making tests the puck also was cleaned with acetone. 
The coefficient of kinetic friction of the corn on the surface was 
taken as 0.190 after consideration of the information reported by 
Michigan Agricultural Experiment Station (9). They found the coefficient 
of kinetic friction of corn on steel to range from 0.17 to 0.19 for 12 
percent moisture (wet basis) corn at 3.5 in./sec relative velocity. They 
reported that an increase in the moisture content resulted in an increase 
in the coefficient of friction to 0.23, whereas doubling the relative 
velocity caused an increase in the coefficient of friction to between 
0.13 and 0.20. No known data are available for friction coefficients of 
corn on aluminum, therefore the limitation of applying corn on steel data 
is unknown. However, because of the complexities involved to measure 
kinetic friction, an estimated value of 0.19 is used for the preliminary 
tests with grain. 
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TESTS 
The test stand has been used for both tests with a single solid body 
test specimen and tests with grain. The tests while conveying a single 
puck were analyzed with the help of high-speed photography to determine 
positions with respect to time of the conveyor surface and the puck. The 
tests while conveying grain were analyzed from determination of mass rate 
of flow. Before each test, the surface was prepared and cleaned with 
acetone according to the procedure outlined in the discussion of the 
method for determining the coefficients of friction. 
Tests with a Single Puck Using High-Speed Photography 
The single solid body test specimen was made of plexiglas plastic in 
the form of a 3-inch diameter by 1/2-inch thick puck. The puck was 
weighted with steel plates to a total weight of 279 grams. This was done 
so that, under conditions where the accelerations were such that a slight 
increase in w or V would have effected free fall type of motion, the 
normal force would vary from near the smaller (75 grams) to near the 
larger (529 grams) value of the normal forces used during the friction 
tests. Lower values of acceleration effect normal forces equal to those 
in the middle portion of the normal forces used in the friction tests. 
The steel weights, removed from the puck, are shown in Figure 16. In the 
same figure is shown the grid of V-shaped grooves on the bottom surface 
of the puck. These grooves are spaced 0.2 inch apart, and were milled 
into the puck to assure more equal pressure on both the top and bottom of 
the puck since indications were that this might be a problem. 
Figure 16. View of underside of puck 

A Kodak Cine Special 16 mm movie camera with a 100 mm lens and a 
frame speed adjustable up to 70 fps (frames per second) has been used for 
filming the motion of the puck on the test stand. Although the designa­
tion of high-speed photography is normally used for frame speeds of 1000 
fps or more, for convenience in this work, the designation of high-speed 
photography has been used to distinguish the frame speed from that used 
in conventional movies (24 fps). 
Figure 17 shows a close-up of the grid that was filmed simultaneously 
with the puck and the test stand surface. The two pointers on the 
surface indicate the two coordinates of surface position. The test 
stand, flood lamps, camera and other equipment in place for filming of a 
run are shown in Figure 18. A print of one film frame is shown in Figure 
19. The rolled dark paper cylinders are covers for the cycle "C" and 
time "T" light bulbs respectively. These cylinders eliminate unwanted 
glare emanating from these bulbs. During filming, flood lamps are used 
to make the light intensity approximately equal to that from bright sun­
light. Once each second the circuit for the "T" bulb is completed for a 
relatively short period of time through a microswitch activated by a 1 
cps synchronous motor. Once each oscillation of the test stand, the 
circuit for the "C" bulb is completed by a microswitch activated by an 
auxiliary cam on the cam shaft. By counting film frames between flashes 
of the "T" bulb, the film frame speed was determined ; and by counting the 
film frames between flashes of the "C" bulb, the test stand frequency was 
in turn determined. 
Problems encountered with these signal lights involved getting a 
Figure 17. Close-up of grid used in filming 

Figure 18. Equipment in use during filming 
Figure 19. Print of a single film frame 
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satisfactory ratio of "on" and "off" time. If the filament did not cool 
quickly, there would be no film frames with the "C" light "off". On the 
other hand, if the "on" time was shorter than the time between shutter 
openings (time the shutter is closed), this "on" time could come complete­
ly between shutter openings. 
The film frames for each run were assigned frame numbers consisting 
of two parts. The first part designated the appearance number of the "T" 
light, starting with the first appearance as No. 1. The second part 
designated the frame number in the series where the first frame of the 
last occurring "T" light appearance was assigned as No. 1. Therefore, 
3-10 would designate the ninth frame following the frame on which the 
third appearance of the "T" light first occurred. 
Values of position have been determined from the film frames with 
the aid of a Bell and Howell Time and Motion Study Projector. To do 
this, each frame was projected onto a white plane surface from which the 
coordinate values were read and recorded. 
A conventional glass beaded screen was unsatisfactory because of 
the scattered light reflection from the beads. A plain white piece of 
paper gave a sharper and easier read image. Appendix E shows typical 
data recorded xrom the film. 
Tests with Corn Using Mass Rate of Flow 
These tests have been made with shelled corn with a moisture content 
of 11.4 percent (wet basis), bulk density of 44.7 lb/ft , and angle of 
repose of 29 degrees. No special preparation, sorting, or grading of 
the corn was performed before making the tests. The corn was placed in 
the surge bin, shown in Figure 9, from which it flowed to the wooden 
hopper and out under the adjustable gate onto the conveyor surface. The 
surge hopper was used so as to maintain a uniform head on the grain 
approaching the gate opening. The depth of grain layer on the conveyor 
was regulated by adjustment of the bin gate opening. The corn was col­
lected in a container at the discharge end of the test stand. The 
volumetric rate of discharge was determined by weighing the corn dis­
charged during a period of time (usually 60 seconds) and converting the 
weight to volume by use of the bulk density value. Then the mean 
velocity was determined from the average grain depth and conveyor width. 
The depth of grain layer on the surface was found by measuring from 
the top of the angle sides to a 3-inch diameter metal disc resting on 
the grain. Three measurements at random locations were taken with the 
test stand stopped, and after it had been operating with the particular 
settings a sufficient time for the grain to be in steady state motion. 
The depth of grain was considered to be the difference between the depth 
of the sides and the average of these three measurements. Steady state 
motion was considered to be occurring after a foreign object, placed in 
the grain near the adjustable slide gate, had traversed the length of 
the test stand an equivalent of one and one-half times. 
Difficulty was encountered in maintaining a uniform layer for depths 
less than 1/2 inch. Some of this was due to the pier-ss of cob, stalk and 
other foreign matter naturally occurring in the corn. Cleaning of the 
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corn would have alleviated part of this difficulty but because a typical 
sample of corn was desired this cleaning was not done. 
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RESULTS 
The results from comparing the tests on the test stand with the 
predicting theory have been both favorable and unfavorable. The methods 
used for determining the parameter values and for performing the tests 
have been explained previously. 
Results of Tests with a Single Fuck 
Data from one second of run number E-l are shown plotted in Figure 
20a. The values of s and x are plotted versus film frame number. The 
parameter values are shown in the figure. Figure 20b shows the plot of 
the theoretical prediction of the puck movement. 
No statistical value has been determined for closeness of fit of 
predicted to observed. One of the problems existing is the correlation 
of theoretical time with test stand time. The method of correlation used 
has been to overlay Figures 20a and 20b, then translate (keeping the axes 
parallel) horizontally and vertically one of the figures until there 
seems to be a satisfactory fit of surface displacement (s) of theoretical 
with that of the observed. Then translate one of the figures vertically 
until the values of puck displacement appear to give a good fit for a 
portion of the graph. The "eyeing in" comparison is shown in Figure 20c. 
From 9 seconds of film an unbiased observed value of 0.431 in. per cycle 
of puck displacement was obtained, and the predicted value was 0.432 
inches per cycle. 
For another set of parameter values, a comparison of observed and 
Figure 20a. Observed motion 
from film frames 
Figure 20b. Theoretically 
predicted motion 
Figure 20c. Comparison of 
observed with predicted 
Figure 20. Results while conveying a single puck 
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predicted puck movement is shown in Figure 21, where the predicted did 
not closely agree with observed. The reasons for this discrepancy have 
not been determined. Several things come to mind as possibilities. 
Perhaps the parameter values were such that a slight change in some 
parameters had a marked influence on displacement. Although this has not 
been investigated fully, it is anticipated that solutions of the predic­
tion equations by varying the parameters will give an indication of the 
sensitivity of displacement to changes in specific parameter values. 
The predicted effects of variation of the coefficients of friction 
have been investigated for the parameter values shown in Figure 21 in an 
attempt to clarify the reasons for the large discrepancy between pre­
dicted and experimental. The predicted effects from variation of the 
coefficients of friction are shown in Figure 22. 
Other runs with a single puck are tabulated in Table 1. This table 
gives the parameter values used with a comparison of the observed and 
predicted values of displacement per cycle (AX). 
Results of Tests with Corn 
The results of the tests with corn are shown plotted in Figures 23 
to 26. The figures show the experimental mean velocity as a function of 
the independent variable shown. 
A series of tests, the results of which are plotted in Figures 23 
and 24, were made to determine if grain depth affects mean velocity. 
These two figures show results from two different frequencies with the 
other parameters being the same and as indicated on the graphs. The 
Figure 21a. Observed motion 
from film frames 
Figure 21b. Theoretically 
predicted motion 
Figure 21c. Comparison of 
observed with predicted 
Figure 21. Results while conveying a single puck 
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PARAMETER VALUES 
V =0.352 in. 
S =0.211 in. 
=32.0 rod/sec (5.09 cps) 
<x =o° 
=90° 
0' 0.2 0.3 0.4 0.5 
COEFFICIENT OF FRICTION INDICATED 
Table 1. Compilation of results from tests with a single puck 
AX (in.) 
Run V S tu (X y Diff,a Types 
no. in. in. rad/sec ^s deg deg Observed Predicted % motion^ 
E-l 0.352 0.211 27.5 0.268 0.266 0 0 0.481 0.482 +0.2 R,SP,R 
E-2 0.352 0.211 32.0 0.268 0.266 0 90 0.200 0.285 +42.0 SP,SN,R,SP 
H-3 0.352 0.211 31.4 0.268 0.266 5 0 0.280 0.370 +32.1 SN,R,SP,SN 
E-5 0.352 0.211 30.9 0.268 0.266 5 180 -1.000 -0.985 -1.5 R,SN,R 
E-6 0.352 0.211 30.9 0.268 0.266 5 190 -0.970 -0.980 +1.0 R,SN,R 
E-l2 0.185 0.211 34.3 0.268 0.266 0 0 0.587 0.492 -16.0 SN,SP,SN 
E-13 0.185 0.211 34.3 0.268 0.266 0 180 -0.462 -0.490 +6.1 SP,SN,SP 
E-14 0.185 0.211 38.6 0.268 0.266 0 0 0.764 0.571 -25.3 SN,SP,SN 
E-15 0.185 0.211 38.4 0.268 0.266 0 90 0.512 0.392 -23.4 SP,SN,R,SP 
^Difference as percentage of observed value. 
''Types of motion during steady state cycle as determined from prediction solutions. 
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straight line equation representing the data fitted by least-squares 
method is shown on these graphs. Also shown is the relation determined 
from solution of the theoretical prediction equations. 
The effect of angle of inclination is shown in Figure 25. Five 
degrees was very close to the maximum angle of inclination at which the 
grain would advance up the incline for the indicated values of the other 
parameters. Changes in the parameter values could result in either an 
increase or a decrease in the maximum angle of inclination at which grain 
would advance up the incline. 
The experimental results for changes in phase angle, 7, are shown in 
Figure 26. The comparable theoretically predicted values have not been 
determined. 
In an attempt to obtain a qualitative measure of the side effects 
and the rolling action, kernels of corn, coated with black ink, were 
inserted in a line into the corn mass on the test stand close to the 
grain bin. A picture was taken of these kernels at the start and also 
near the discharge end of the test stand, Figure 27. Little change in 
orientation of the individual kernels and minor changes in relative 
positions between the kernels occurred. Other kernels not coated with 
ink can be identified in the photographs. It is realized that this makes 
no measure of the relative motion of the kernels from top to bottom of 
the layer. A transparent side would need to be installed to assist with 
this measure. 
gure 23. Effects, while conveying corn, of variation of depth 
of layer 
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Figure 24. Effects, while conveying corn, of variation of depth 
of layer 
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Figure 25. Effects, while conveying corn, of variation of angle of 
inclination 
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Figure 27. Picture of identified kernels of corn on test stand 
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DISCUSSION OF RESULTS 
The comparison of results for some of the tests with a single puck 
have been favorable whereas with others, the comparison has been unfavor­
able. Table 1 shows that the difference between predicted and observed 
results, as a percentage of observed displacement per cycle, ranged from 
0.2 to 42 percent. Run No. E-2 had the extreme difference of 42 percent. 
For this run a check was made for the response of the material displace­
ment to changes in the two coefficients of friction. These theoretical 
results shown in Figure 22 are for the same parameter values, except 
and |i^, as those considered in Run No. E-2. For example, this graph 
shows that if ns and had been considered to be 0.350 and 0.292 instead 
of 0.268 and 0.266 respectively, the predicted displacement per cycle 
would have been 0.240 in. instead of 0.285 in. which if compared to the 
observed value at 0.200 in. results in a 20 percent difference. Another 
example from this graph shows that if (ig and had been considered to 
be 0.400 and 0.288 respectively, the predicted displacement per cycle 
would have been 0.220 in. This latter substitution of values of and 
would have yielded a difference of 10 percent. 
Even though errors in determination of the coefficients of friction 
could have accounted for some of the disagreement in the results, errors 
in determination of the other parameter values should not be overlooked. 
In particular, V, S, and oj were subject to error, whereas a and y were 
determined by a relatively accurate procedure. The values for V, S, and 
Ui were determined with what was believed to be the most accurate method 
available. A direct measurement of V and S would have been preferable to 
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the indirect method employed. The method for determination of the angu­
lar velocity made no measure of the constancy of u) throughout the cycle. 
Tests with corn have indicated that one of the assumptions used in 
the theoretical prediction equations is not valid for all situations. In 
particular this refers to the assumption of the mean velocity being 
independent of depth of layer. The experimental results plotted in 
Figures 23 and 24 indicate that the mean velocity increased with an 
increase in depth of layer. Extrapolation of the least squares straight 
line fit of the experimental data to zero depth indicates an error of 
0.03 in./sec (1.3 percent) and an error of 0.333 in./sec (9.6 percent) 
for the predicted mean velocity for the data of Figures 23 and 24 
respectively. It is felt that this increase in mean velocity with 
increase in depth of layer is due in part to the difference between coef­
ficients of friction of the corn on the surface and the "effective" 
coefficients of friction of the corn on corn. Perhaps this effect of 
depth of layer may not occur for all combinations of parameter values, 
or with some the effect even may be reversed. 
The results from both the experimental tests and the theoretical 
predictions indicate that the mean velocity increases appreciably with a 
small negative angle of inclination (-5°) ; whereas a small positive angle 
of inclination (+5°) causes an appreciable decrease in mean velocity. 
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SUMMARY 
This has been a study to develop and check a procedure for theoreti­
cally predicting the movement of granular material on an oscillating 
conveyor. The conveyor was idealized as one with a surface having pure 
translatory motion made up of two, phased, sinusoidal components of the 
same frequency, one normal to the surface and the other parallel to the 
surface. The material movement was considered to be influenced by the 
following parameters: amplitude of motion normal to the surface, 
amplitude of motion parallel to the surface, phase angle between the two 
components of motion, angular frequency, angle of inclination, coefficient 
of static friction between the material and the surface, and coefficient 
of kinetic friction between the material and the surface. 
When certain simplifying assumptions were imposed, four types of 
translational motion were considered to be possible for the material ; 
free fall, sliding negatively, sliding positively, and riding. Since 
material on an oscillating surface can have a variety of combinations of 
these types of motion, no single equation of motion could be written to 
include all the possible types. Instead, because different sets of 
forces are acting on the material with each different type of motion en­
countered , several equations were needed to define the motion. 
The force, mass, and acceleration equations of motion for the con­
veyed material were written with the aid of a free body diagram. These 
resulted in nonlinear differential equations which could be solved for 
the dependent term. The conditions for the ending of certain types of 
motion resulted in transcendental equations which necessitated solution 
by graphical-numerical methods. 
The steady state solution is obtained by assuming convenient values 
of velocity and acceleration of the material at time zero, checking 
values of acceleration to determine type of motion, writing the equations 
of motion for this type of motion, advancing time until an ending condi­
tion is met, checking values of accelerations again, writing another set 
of equations of motion for the material and repeating this procedure 
while advancing time until the motion of the material is repetitive. A 
steady state cycle can be further analyzed to determine the displacement 
per cycle. The mean velocity of the material can be determined from 
knowing the displacement per cycle and the frequency of oscillation. A 
flow diagram was developed as a pictorial aid in solution of the 
equations. A "FOR TRANSIT" program has been written for solution of the 
theoretical equations on the ISU-IBM 650 digital computer. 
To check the validity of the theoretical prediction equations, it was 
deemed advisable to make experimental runs on a test stand with a single 
solid body test specimen as well as with grain. The single solid body, 
similar to a puck, was selected because it seemed to give reasonable 
allowance for the majority of the assumptions imposed on the theoretical 
equations. The test stand was constructed to permit variation of each 
parameter. 
The movement of the puck was analyzed with the aid of high-speed 
movie photography in which a grid was filmed simultaneously with the 
conveyor and the puck. This permitted point by point analysis of the 
puck movement. The difference between predicted and observed varied from 
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0.2 to 42 percent. 
Tests with corn were conducted in which mass rate of flow measure­
ments were used to determine the rate of material movement. Results 
indicate that the mean velocity of the conveyed material is not always 
linear with respect to depth of grain layer. Extrapolation of the 
experimental data to zero depth of layer indicated that the predicted 
results were within 10 percent of the observed values. 
The results reported are for specific parameter values; therefore, 
they need not apply for all combinations of parameters. 
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APPENDIX A 
Equations of Conditions Just after Impact 
Equations 28, 29, and 30 can be developed from a consideration of 
the principle of linear momentum. The motion of the material, just be­
fore impact, is defined by and y^ whose values can be determined from 
the equations of motion of the material during free fall. During impact 
the material will acquire the velocity of the surface normal to the 
surface or y^ = v because of the assumption of inelastic impact. Remain­
ing to be determined is Xf. If the static friction is great enough, the 
parallel velocity of the material will equal that of the surface or x^ = 
s. In considering a free body diagram of the material, the mg, N, and F 
forces are involved. Because of the small magnitude of the gravity force 
relative to the impact forces during the instant of impact, this force is 
often considered negligible. 
The principle of linear momentum gives that the change of linear 
momentum equals the impulse in the corresponding direction. Applying 
this to the conveyed material in the v direction gives 
N (At) = A (my) = m (v-y-j) (66) 
or 
N = m (v-yi)/At (67) 
and in the s direction gives 
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F (At) = A (mx) = m (x^ - x^) (68) 
or 
m (xf - xt)/At (69)  
With the assumption that the static friction is great enough to 
prevent slipping at the instant of impact 
Us N (At) > m (xf-Xi) m (s-Xj) (70)  
By combining this with Equation 66 to eliminate N(At) 
(s-x^) 
> 
v-yi 
(71) 
This equation is the requirement for Xf = s. 
If |is is not great enough to satisfy the condition of Equation 71, 
sliding will commence and F will equal + The plus (+) sign applies 
if the friction force is positive (Xj, < s) and the negative (-) sign 
applies if the friction force is negative (x^ > s). From this and Equa­
tions 66 and 68 
%f = + Hk (v-7i) (72)  
if x^ < s and 
xf = Xi - (ik (v-y^) (73)  
if x^ > s. Equations 71, 72, and 73 are the same as Equations 28, 29. 
and 30, respectively. 
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APPENDIX B 
Sample of "FOR TRANSIT" Program 
Figure 28 shows a sample page of the "FOR TRANSIT" program used for 
solution of the theoretical equations with the IBM 650 digital computer. 
Eighty-seven machine variables have been used in the more than 600 "FOR 
TRANSIT" statements. These statements were translated through three 
translation phases into more than 6200 "Basic Machine" instructions. 
Explanation of the program statements and symbols is not considered with­
in the scope of this dissertation even though the author personally wrote 
the complete program and had major responsibility for "debugging." 
Operation of the digital computer was done with the assistance of the 
Statistical Laboratory personnel. 
Figure 28. Sample page of "FOR TRANSIT" program for IBM 650 digital computer 
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APPENDIX C 
Coefficient of Static Friction Data 
Table 2. Coefficient of static friction data 
Angle of inclination of surface 
Test no. to effect sliding of puck 
1  16 .0  
• 2 - •• 14.0 
3  '  '  "  1 3 . 5  
4  1 5 . 5  
5  1 4 . 0  
6  1 7 . 0  
7  1 5 . 0  
8  1 5 . 5  
9  1 5 . 0  
Av. f3g 
)j.s = tan (3S = 0.268 
1 5 . 0 5  
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APPENDIX D 
Coefficient of Kinetic Friction Data 
Only a portion of the data collected for obtaining a value of the 
coefficient of kinetic friction between the puck and the surface will be 
included here. The friction force trace for one run as recorded by the 
oscillograph is shown in Figure 15. The average force for the run was 
obtained by planimetering the area between the trace line and the zero 
force line, bounded by the event marks, and dividing by the distance 
between event marks to determine the average pen deflection. A calibra­
tion of the force-sensing beam provided the necessary multiplication 
factors t.o convert pen deflection to grams of friction force. Table 3 
shows the compiled data from one series of runs. For the same series, 
the data are shown in graphical form in Figure 29. The compiled data, 
in abbreviated form, for the 18 series of friction tests conducted are 
tabulated in Table 4. 
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Table 3. Kinetic friction test data, series I [4.74 in./sec (low 
speed), direction of pull from B to a] 
Run Atten. Atten. Pen Frict. Normal £ ^i^i 
no. setting factor defl. force force ^ ^.2 
(gr/line) (lines) Fi(gr) N^(gr) (Hk) 
255 5 2.12 11.5 24.38 75 
256 5 2.12 17.7 37.52 125 
257 5 2.12 17.7 37.52 125 
257a 10 4.01 11.6 46.52 175 
258 10 4.01 15.2 60.95 225 
259 10 4.01 19.5 78.20 275 
260 10 4.01 18.8 75.39 275 
261 10 4.01 22.5 90.22 336 
262 20 7.92 13.3 105.34 386 
263 20 7.92 14.7 116.42 436 
269 20 7.92 16.6 131.47 486 
265 20 7.92 17.7 140.18 529 
266 20 7.92 13.0 102.96 386 
267 20 7.92 17.7 140.18 529 
Totals 1,187.25 4,363 0.269 
Figure 29. Plot of measured kinetic friction forces for Series I 
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Table 4. Compilation of kinetic friction test data 
Series 
no. Daya 
Velocity 
level'3 
Direction 
of pull 
L NjFi 
I Ni % 
CM-k) 
I 1 L B to A 0.269 
II 1 L A to B 0.275 
III M A to B 0.270 
IV M B to A 0.279 
V H 3 to A 0.273 
VI 1 H A to B 0.269 
VII 2 H A to B 0. 266 
VIII 2 H B to A 0. 272 
IX 2 M B to A 0.260 
X 2 M A to B 0.264 
XI 2 L A to B 0. 255 
XII 2 L B to A 0.258 
XIII 3 L B to A 0.265 
XIV 3 L A to B 0.254 
XV 3 M A to B 0.255 
XVI : ,..3 M B to A 0.260 
XVII ,3 H . B to A 0.271 
XVIII 3 H A to B 
E HiFi 
Av. „ 
Z M;/ 
0. 272 
0.266 
aFirst} second or third day. 
^Low (L), medium (M), or high (H). 
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APPENDIX E 
Typical Data Recorded from Film Frames 
Typical data recorded from film frames is shown in Table 5. This 
is only a small portion of the readings taken from the film of run No. 
E-l. The values of s, v, and y were recorded for only the first second 
of film. The values of x were recorded for the total 9 seconds of film 
frame. 
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Table 5. Typical data recorded from film frames (Run No. E-l) 
Frame s v x y 
no. (in. ) (in.) (in.) (in.) 
1-1 18.6 2.4 4.5 2.7 
-2 18.5 2.2 4.6 2.6 
-3 18.5 2.1 4.7 2.4 
-4 18.4 1.9 4.6 2.3 
-5 18.4 1.8 4.5 2.2 
-6 18.4 1.7 4.5 2.2 
-7 18.4 1.8 4.5 2.2 
-8 18.4 1.8 4.6 2.2 
-9 18.6 1.9 4.7 2.3 
-10 18.6 2.1 4.7 2.5 
-11 18.7 2.3 4.8 2.6 
-12 18.8 2.3 4.9 2.7 
-13 18.8 2.4 5.0 2.8 
-14 18.8 2.5 5.0 2.8 
-15 18.8 2.5 5.0 2.8 
-16 18.7 2.4 5.1 2.8 
-17 18.6 2.3 5.1 2.7 
-18 18.5 2.2 5.1 2.6 
-19 18.4 2.1 5.1 2.4 
-20 18.4 1.9 5.1 2.3 
-21 18.4 1.8 5.0 2.2 
-22 18.3 1.8 5.0 2.2 
-23 18.4 1.7 5.1 2.2 
-24 18.5 1.9 5.2 2.2 
-25 18.5 2.0 5.2 2.3 
-26 18.6 2.1 5.3 2.5 
-27 18.7 2.3 5.4 2.6 
-28 18.7 2.3 5.4 2.7 
-29 18.8 2.4 5.4 2.3 
-30 18.8 2.5 5.5 2.9 
-31 18.8 2.5 5.6 2.9 
-32 18.7 2.4 5.6 2.8 
-33 18.6 2.3 5.6 2.7 
-34 18.5 2.3 5.7 2.6 
-35 18.5 2.1 5.6 2.4 
-36 18.4 1.9 5.5 2.3 
-37 18.3 1.7 5.5 2.2 
-38 18.3 1.8 5.5 2.2 
